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The Fortran Deductive Systo..

.. Qilan and V". B. HTunt

,h,-* Univers5tcy of 'Washing-on

The Fortran Deductive system Cr51)) in a ~crm~c~

solves gs eraized theorem proving prabloms,. 7'L reccivaS

as input ths definitio.n. of a deauctiv-' SYSi:01 (-1 eb

Seomfetry,, first order -predica~te calculus, etc,), toan .,s

serier. of easorems.. The progre-ta atIteirPts Vo prc-.a sach

theorem, us!ing as prom~ises the exionts of tho syste and -y

previously proven thgorems, iwhich the -trcZ-!rari. use- has, or.61-170e

it to retain. The notationi used by the Prcq-,7-.-ra ;:o diofinC.

a particuliar deduCtive systan is very ai;miL'r 'tC that 12SC-d

in convention~al sch-ool mticnatics * This mciko 1-it ,ssi

for a person e- acet the Byestom even 'enough !i- hcs : i~

ledge of FDSt internal str-acture. In fact, most ilos-s :r

the system do not have this, owcnledge,

The FT)S was developed as a vehicle for stucdyinz tJ)4

problems in computer scienze, both of Vhich are -- olocly

The rm~jor use of FDS has beer, to stv.Cy "pure cas",1 of

problem solving processes,, fly observing the performrancc

of well defined algorittrns for solvkrZ. nymbo!-ac prob7o:,.,i:

we hope to 6evelop an empirical typology of pr~oblem~ "-Ya

such that., knowIr' the typo of a particular problem, 1-17

will be able to prod let the approprh te method for solving

the problem before w~o do, in I-act sol--Ye it, A sra

sIWpler Rtatement of this gorl is that imw':t to kaoy -hftr

Centa-.n 7;obler~ aovh~lgorithmns "'rk twyll .A s.n-,ond

research goni in -ehe augment*,t on of 1tinumn problem~ aotving



ability. It is obvious that if we could produce a theorem

Prover more effective than iron, the range of problems which

could be attacked would be increased. In addition, by ex-

ploring the potentials of particular computeriwexecuted problem

solving algorithms we may assist hamian probleqi solvers

in two other ways, lie might etiscover problem solving ma9thods

which, in addition to being !rt-china execut&ble, could be

taught to humans with a resultant increase in their intel-

lectual ski'lls. By extendirg the range of problem~s -which

computers can handle, we-can increase the potential contri-

bution, and altar the work distribution, in utsn.-maeh-Ine

problem solving teams.

The FDS is an intellectual descenclint of tihe General

Problem Solver (GPs) of Nowell, Shaw an-3 Simi- (1959; Nefiweil

and Simon,, 1961), from whom we obtained the orig-Ina' id-ga

and an orientation for oxr early effort:s. By' now, howover,

the relationship has become quito distant, ain FDS icorpornates

several1 concepts and programidng techniques -which are not

contained in GPS, and similarly, some of t~he OPS capabi-

lities have beer, dropped. FDF also incorporartes ma.'ideas

taken from recent work on the construct ion of genera lized

compilers ("com!,iler-conmpilers"). As its nams imr Iea, -tho

program is written enttxely ir FORTRAN IV. ALGOL vers ions

have also been implemented. We have not fouzrzd any sulnstantial

restriLct'.ons du-- to limitations of thao languageo.,

A formal definition of nDS is availablo (Quinlan and

%unt,, 1967). It,,Pnd program listings If desired, can be

obtained from us, The program has been running successfull~y
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for ever a year. To our knowledge, runs have been executed

on the IBM 7094, the CDC 3600, the Burroughs B 5500, and the

Eqglish Electric KDF-9. In this paper we shall giva an

Informl description of the general feature3 of the programt,

and discuss a few selected applications to give some idea

of its rage and power.

Frmn t iUlr. poirt of vie

The user can regard FDS as an "alterable' black box

which accepts theorems as input and produces solutions as

output. It is alterable in the sense that prior to the first

theorem the user specifies what a well formad expression

looks like, what notation he will use, and h.at vules of

Irferences are ernissiale.

Nota The user firit indicates the names of his operandn

and operators. He can specify non-numeri.c constants (TRUO

FALSE, GOOD, BAD), variables (X, Y, WHO, W.fICH), urary

connectives (NEG, 1OT, LOG, BELOW), and binamry conmecivos

(49 - r. IY, OR, BELIEVES). In addition, the progrm recog-

nizes the integers.

AgI .: Excepting the Integers, the program coan3in no

i nrent definition for the userls notation. Meaning i3

established when the user definas his axioms, Each aw:io;m

is stated as a rewitimn rules i es structure A -may be

rewritten as structure B. We will use ":=" to r.-qn "1ra

be rewitten as," although in fact this symbol mzy bo speci-

fled by the user, Axions are presented to the system Ln

tha corentional, ,or infix, notation. For eX'ampla, the

comwtivity property of "s'" in algebra would be oxpreesed



A +B := 3 +A.

This rule informs the system that any two well formed formulae

separated by a "+" may be reviritten rith the .order of th3

formulae reversed, As in conTentiona algebra. a well formad

fornzla is any variable or constant, any mrary operated

followed by a well form9d forxTmla, or any 7o waell formed

formilae separated by a binary operator. Parenhosas Trst

be used to supply Lnformation concerning tha order of

priority of operators whiere this is ambiuuous, in tIme same

manner as they ere used in actool algebra.

Syste= i g_. As an opt:-on, the user nray nupply the

program with so.me "hints" about the difficulty of * problam,

in terms of the expected zuamber of steps to a proof, how

large the expressions should &row to in int ermedirr-.e stages

of proof, and so forth. ThGe paramators may affect zhg

po-er of tho system Ln soie s2t. tions ,.n others its per-
forarnce is surprisirgly independent c'$ r.Cer vings..

PrOEMbls: Problsms are input in exactly leh, same fo.-, as

axioms, ike., a well fo.rxd formula on tho left to be re-

written as on the right of a rewriting sybol. Optionally,

the user may indicate Vla: if c particulamr t1.coram is

proven, it is to be. use4 in the proof of msbcaquen: Uheorems,

A theorem proving problem is solved by FDS when the

program finds an ordered set of rewVi -vgs which change one

string of symbols (the 1'lft-kand 3id&ll zbovo) imto another

(the "right-hand side"). Aa, sn xamole, :ApPorO we Ivhve

the axioms



1. A+B :B+A

2. (A + 3) + C := A+ (B -:- C)

and the pr'oblcm

A + (B + C) := (A + B) + c.

This is a problem because the rewritinS symbol is not ref!arrivo

*..i. ,., it acts more like .th "implies" of logic then -he
*= of algebra. The followinr solution uould ba obtained

by the FDS:

INITIALLY A.' (B + C)

USING AXIOM I (3 C) + A

USIN AXICO4 1 (C +B) + A

USING AXIOM 2 C+ (B + A)

USINC AXIOM I (B + A) + C

USING AXI(N 1 (A + B) + C SOLUTMION

This simple exa3ple illustrates t;o po iits, No-ullre

has the prosrm Some beyond Vao ssmantic u -L-kn of the

symbols ImIl_-d in the axiomi, Thoe "clao'rnoss of the

progam is solely in decidirk w'hich pplys sn pp.y, d

whether to apply them to the 3n1:ire stzi.4 o sy.bois w-hicl-

ensatitu ne the prE tt-- each succass:-L_- V.no of &.

proof--or to soms cubstring of the preon' - ram

rzo rgin .0-awizalen

The FDS intcrnal operation will now ba describecd

briefly. Intehtznlly formila. are ee-prac-d in :io mffLx.,

or "Polish" o1.-Itior. A w"l'11 for-mrd fora.'lla 1 f3rd

as (a) a eonstent ox. variablef (b) a unary opext.zo foo'd

by a well. form d formla, or "c) a binr=y oP..-rtor follc1.,T

by an ordered pair of formulae. In tha lzit ca, we havo



followed the convention that the operand whlch v=oud be the

right-hand operand In the normal notation is expressed. first.

As an erammlev if the user states A + (B + 0), FDS will store

the string ++CBA * It is Important --to note that anyV operator

symbol will bead a subs tring which is Itself a well formed

formula, Also,, the order of thie symbols in the FDS steing

will uzwambiguocusly specify a tree structure for an expression,

i.e :, a graph in which each node represents an operator

or a variable or constantg and those nodes which represent

operators have below them subgraphs specifying their operands.

The Cl'S program achieves an identical reprasentrition using

list Processing techniques.

A problem is a cm nd to FDS to rewrite a give~n

suffix string,, called the AWz j and correspordits- to the

left-hand side of the problom in the extari'.a represontation,

into another suffix string, called the uh~ich corres3-

ponds to the right-hand side of the external representation.

The two etringgt are coqred symbol by aymtbol * If they

are identical, then the problem is solved. It is retrans-

lated to the external represen~tation and primted * If the

two strings are not itntica 1, a Zq is established

between them. This is done %r start'ig st the leftmost

symbol (the ma in operator of -the expression), andi coniaparing

corresponding symbolr.. When a dif ferencc is noted, the

pair of symbols which gave rise to the difference are stored

on the difference set,, and coanparison continues, but does

not Include any symbole which express apsrands of the symbols

which gave rise to the difference pair.



An ee my help clarify this. Returnina to the

UPIe Problem given above, we see that the internal repre-

nMttfmr of vaxoms I and 2 in FDS would be

1.+BA zu -MB

2, +C+BA := i4CfA

wile the problem in

44CRA := +C+BA.

Th first difference pa4.r 1 tj q pair (+,C), where the

+ Is tbe second + in the state (left-hand1 string, ard the

C is the C in the risht-hand string, Since ihs + botins

a substructue (Corres=onding to (B + C) in the excernal

probim)s t substring +CB on the UL,.. :e sltipped. Tihas,

the secand differenwce pair is (As +), w here the + is the

GqCond + of the goal string. This in turn, begins the

substrucure BA (A + B), so the remaincIer of to g-cal

strb* is skipped. Therefore, these trm dif-:ence pa r

coqpie the d'fferenca set.

The difference set states, in effect, .t .=st bo

chiaed into what in ordor for the goal t be achiee.

The FDS then emines both the axioms znd the atate nnd g i.

strings In order to detrminm a set of pairs (as- 9 , v.hore

c is an axiom a- d d spocifies a substrirt- of hz sta

string* That is, c is c rewriting ruje avd 5 is the place

in tMhe state s=_ing where it will be epi- oed. Let us call

this ar- operator, In the example, the fir.: stop opplied

axie I to the entire string, while the seccnd step applied

the same axiom to a subexprossiont.

I. iapplying an oporaror !.!.: may be founC that the state
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String (or subatririg) Is not in a form appropriate for the

anvionm's a~pplication, In this ease a check is made to dater-

mne~ how mnry changes in the state string will be required

before the axiom ccn be applied, If the system decides to

apply an axiom which requiras ca chiange of the state string,

the subproblem of mrakixrg this chnnge in the etato string

will be a1tacked. Thora familiar w-ith the GPS 1lfteratuze

will recognize this as bein,- very simtlair to the n=-ans-ond

eanlystelt a-nd roctsrsive problem tolvirig techniquo used in

'I&V Newelil, Or,' 21 pregmrn- Tho major difforence betwaon

FDS and IGPS at this point is zhat in F'DS cubpr.Obloms are

not attacked by razisiv- applicatio-n of tho po-ja-n but

istead are a ttrckz- in CA wizy ',7int 5stosthat --he the~re

are sevaral nlte,=ativa solhition3 to r. cubp&-oblemn , eqppro-

priatG solution for solvinag both the aub:-ro ,orn nnd advancir-g

the solution of the o probl.cw uAil! bo fotmnd.

n.he parf ornmnce of the pr ogram dopends hen vily upon

its ability to dozst-ra -;fnich operator to try first.

Thi*, iormation is obtnatnsd by tnfo pv ,both of

-hich are r,-placeable oudl f the vziin progran-m, On!2

stzbpr ogrrnm r7ocTks -- na 1 ii-, c SZZnS-O i!' , t -5t tnic

how many uscfal 6Ai7,.s~ wiY . b- achiezvc byv a -ivon oi; rator,

The assumiption --. made tb i~i :y ubprob!.c-mz t;h1-ch ml'y arir's

ca-n be solvcel. A secorA- subpi-ran coipnz-s tko opartions

reco=inded by Ithe firrt swibprogrm r- racord of rvimously

successful 'npp1-*C't1Otn' of Onl 0zn. 3 rnator in Classi-

fied into ona of twanty ctgiobased on tha structure

of both the axirm and the sti owhi.ch it to be 2pljec~



The OPerator lia then azrsignod n rating determined~ by tho

ratio of the number of tfiesa operators in Ito class have

lead to solutit ms to tbe total number of times they have

been tried. These frequencies are built up as the program

obtains experience -in ivolving problemss in a ivarticular daduc.'

tive system, Si4mple m-inded a-s the learning .algorlthm i-E,,

otw experience has bser. that i';_ is quite affectivo Ink i-mprov-

ing the prosram c*r parforriiarcb,

AgDi-ctL1ons of =&FO

We have conducted a rea3s:nably largs number of studies.

of the vrosram": perfor-mmnee in -, varietyu of area~s of zmch-

ematics * To gfl-ve somia icen of the pows-r of -dic tyt:±,~he

results of theor- studics will be r-ari~mz6 briflfY..

AIgetma. The syste~n ir a qruit powcrful imnletor of

conventional al-abraic forrrrikic. O-ar ft-nre1 thoremcs

have been provonw concerning the nnplU'

under the operr.-icns of? edditic'n, gutrmio, gat:,on.

and multiplicatiori. Tfhe- avGage tie p thcoor'el is

twenty seconds.,

We do notL -.>esent FDS as simuazti,: of lahu-nmiho;t

In feet,, In a)4-,,3brn It :X a somaiwnatcoccl proo.l.e;7 Gova

than most pem~ To :-cst -ehis assertion* 1uSeC.~ FDS

to solv.e twelvo proble.is baslad upon tho foll-owing r~r.t~'

axioms of algeb::a:

2. (A + IS) - B ~

3.A := '.A +~E *



5. A + (B + C) (A -B)+ C
li6. (A + B) -C:- (A -C) + B.

The same problems were presented to thirty undergraduate

psychology students at tho Uni-rarsity of Wai-hingtont and

in thirty minutes they produced an average of two solutions

each, The program solved all twelve problems Ln less than

five minutes, One problem, to prove

(A - C) - (B - C) -= A - B,

was not solved by any of the students. U-fomazlly the

same problem was attempted by s&,zeral profeso.rs. neldlr

mathematicians nnd mathematcal psychologistr...and graer-etla

students in mathematics, engiLn.ring, andi co.iutGr scierce.

Only one st-den:, a seniio-r L !kithermtiess produced any

solution, and his was differeft frolm that Predticed by FDS.

By contrast, s probloms on -hich FDS e - a fir

amiount of time (by its s t-nndn:ncs) proved euixo cesy for

peop le

Logic: FDS wa used to scl{e probloms s.e'ed from the

exercise sets in an elemIt-r schoo! "hc . mnathomztics"

text book s Suppas are Hilgs a= o XO or Schols

(19 ). Altbhouh sora problems -rre foand for x.&nich an

FDS formulation was cli,xisy no problems -;ere found in this

book which the program could :inot soJ.ve.

Zx nTomm: A number of in srmal studies .ero carried

out in which the progrcm tznr -tsed to solve identi"t proving

problems in trioonometry, Th:i..se studies il11utr lted an

important princitple, tbe prog!: -n .s fle-ible enough so that

how the user repres~n~r t' dductiv system wil. exerthh
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a considerable influence on the difficulty of obtaining

a solution. Several alternate representations are possible

for trig etry. Depending on which representation was

Used,. a problem might be either hard or easy. It has been

noted that this occurs in other problem solving progrms

(Ernst and NielI, 1967).

t identif ieatOn: It has been suggesVed that complex

patterns, such as pictures of houses, can be recognized as

examples of a generic clats by using a sLmpliflcation system

very mu=h Like parsing in a Ihrase structure grammr (Hinsky,

1963; Ledley, 1962, 1965).' For example, Ln such a system,

a "House" might be defined as a r On 1o0 0_ wall, where

mj could be defined as M11 or Hall vith 1windoxi or Wil
S or nl besidefL*. and roo in -turn, be def.n!3d

s M or Mf NJ=3 Wbj or M "o SIMSmnev. -. Even with

such a simple "gramaar," qu-lto complez p~tctures can be d

When the gr or for recognizing picture classes is input :

to FDS as the deductive system, the program is capable of

recognizing very intricate patterns as eples of a class.

The patterns, of course, must first be coded into a symbolic

representation of a picture, as the FDS doos not at present.

have any capacity for araphic input of -at2. in this appli-

cation the learning procedures describod proved noticeably

and uniformly effective.

,,S&jA3go: Sanderson (1967) has developed an alge-

braic representation for flow dia rams which might reprosenc

simple computer programs. The motivation for his work was

an attempt to develop a deductive system which could be

used to prove that two prog.gams, as defined by thoir. flow



eharts, were in fact equivalent conputations. He proved ten

theorems concerning program equivalence using this algebra.

The proofs of all ten theorems were reproduced by FDS,

hMMILgtes: Some attempts have, been made to prove the

theorems of the calculus of irequallties, usirng previous

results from logic and algobr-, In these studies the FDS

ban had to work with better than 130'previously provwn theorems.

While sow elementary theorems bava been pro-ven$ the neeC

to search a vary large nmnber of rewriting rules to detor-

mine the xnc operation has caused the program to spend a

great deal of tim on ". nt seem. to hurians, to be realo:o.bly

easy problems.

I~ndJ ftt 4-, s

Thus far, FDS has been appliel only to re-prove well

known, and to a meac c.n elezantary, theorems, We 'hope

to extend this semehat ii thn -ast fe- y~rs by applyim

FDS to more advanced araas of mths-atics, v n -this work

we do not eatmect the pr! g am t:o oaceeo tL:e capnt-/i of the

intelligent hurman mnthmatcirn, It may. howiwver, serve

as a useful conr!z.s to him. An interactivo version of

FDS has been implawn~tei on tihe Burrouhr B-5500 M..Mote•

access synteim, ind can 1e urccd in studie.: of m-n-computor

problem solving teamn.

Considerably more -ork nr-eds to be done on ioarniMn

algo:thm:s for the heein prove-r,. ii'-i*iely it would

seem that experience wirh theorrm. prov:IZn problems should

lead to the Rtwwledge that certain rstr,7_itng rules are

appropriate in given 91tixticris. The question is, can t0
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Write a program which develops these rules of thumb for It-e",l?

This i.s closely related to our interest in problem typology..

C=n w fiid classes of" problems such that certain problem

solving procedures are appropriatei for all memrbers of the

class?

Ir. smmary, we have developed a useful, reasonably

powrftl theorem prover using standard algebraic compiitlang

lann~mages The system is capable of pr,-,^71mg Ueorems xfhich

are quite difficult for the everage university undergraduat-e,,

but it 1ms not yet produced any proofs which %yould bo conr. -

dared exceptionally good by a professional imtbewiclan.

This, of cvurse, Is a difficul.t goal to rwch, but wo fool

that we bave made progress towards it*
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